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Ferromagnetism in UGe2: A microscopic model
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Anderson lattice model is used to rationalize the principal features of the heavy fermion com-
pound UGe2 by means of the generalized Gutzwiller approach (the SGA method). This microscopic
approach successfully reproduces magnetic and electronic properties of this material, in a quali-
tative agreement with experimental findings from the magnetization measurements, the neutron
scattering, and the de Haas–van Alphen oscillations. Most importantly, it explains the appearance,
sequence, character, and evolution in an applied magnetic field of the observed in UGe2 ferro- and,
para-magnetic phases as an effect of a competition between the f–f electrons Coulomb interaction
energy and f–conduction electrons kinetic energy (hybridization).
PACS numbers: 71.27.+a,75.30.Kz,71.10.-w
Introduction. The discovery of the spin-triplet super-
conductivity (SC) inside the ferromagnetic (FM) phase
of heavy-fermion compound UGe2
1 sparked an intense
discussion about the cause of such coexistence. Although
the spin-triplet paired phase has been known to appear in
the condensed 3He 2 and most likely in Sr2RuO4
3, until
its discovery in UGe2 there was no convincing example
for a strongly FM material hosting SC.
Specifically, the phase diagram for UGe2 on the
temperature–pressure (T–p) plane contains both SC
and two FM phases, with stronger and weaker
magnetization4, usually referred to as FM2 and FM1,
respectively, as well as paramagnetic phase (PM), with
the phase transitions between them of the 1st order for
low temperature, T . 7K 5. The FM–SC coexistence is
strongly suggestive of a single mechanism based on mag-
netic correlations which is responsible for both FM and
SC appearance and thus should be treated on equal foot-
ing, as e.g. in UGe2 both phases disappear at the same
pressure1,4. Another indication of the coupled nature of
both phases is that SC dome on the T–p plane coincides
with the phase transition between FM2 and FM14. Thus,
we address here in detail the question of microscopic ori-
gin of the observed ferromagnetism, as it should bring us
closer to determining the mechanism of superconductiv-
ity. The question related to the inclusion of SC requires
a separate study6,7 (see discussion at the end).
Experimental observations suggest that the ferromag-
netism in UGe2 has an itinerant nature
1,8,9 and is medi-
ated by the uranium 5f electrons1,10,11. Delocalization of
the 5f electrons can be interpreted as resulting from hy-
bridization of 5f originally atomic states with those from
conduction band8 derived from p states due to Ge and d-s
states due to U. This is supported by a noticeable differ-
ence of the effective paramagnetic moment per uranium
atom in this compound with respect to the corresponding
atomic value for either f3 or f2 configurations1, as well
as from a fractional value of the magnetization relative to
the moment saturation. This means that the Hund’s rule
coupling in the atomic sense is broken, and the itineracy
of 5f electrons is the source of the band ferromagnetism
in which Hund’s ferromagnetic interaction plays a role
in combination with the stronger intra-atomic Coulomb
interaction. This also means that the f -electron orbital
degeneracy is not essential, but the role of the hybridiza-
tion is.
Apart from other theories concerning origin of FM in
considered class of materials12,13 there exists14 a phe-
nomenological rationalization of the magnetic properties
within a rigid-band Stoner approach, which requires in-
troduction of an ad hoc two-peaked structure of den-
sity of states (DOS) near the Fermi surface (FS). Our
purpose is to invoke a microscopic description starting
from the Anderson-lattice model (ALM) which is appro-
priately adapted to the heavy-fermion compound UGe2.
This comprises a relatively simple quasi-two-dimensional
electronic structure15–17. From such starting point an
effective non-rigid two-band description arises naturally
and allows for a detailed rationalization of magnetic and
electronic properties, at least on a semiquantitative level.
Additionally, as the correlations among 5f electrons are
sizable, an emergence of the Stoner-like picture of FM
can be accounted for only with inclusion specific features
coming from the electronic correlations. Although the re-
sulting rationalization of the physical properties is semi-
quantitative in nature, it provides in our view a coherent
picture of a number of properties4,10,11,18,19.
Model. We solve ALM by means of a varia-
tional treatment with the Gutzwiller wave function,
|ψG〉 =
∏
i Pˆi|ψ0〉, where Pˆi is the operator projecting out
part of double occupancies from the uncorrelated ground-
state |ψ0〉 at site i. We have extended the standard
approach20–22 to the statistically consistent form23 (SGA
method). Explicitly, we start with the ALM Hamilto-
nian, with an applied magnetic field introduced via the
Zeeman term (h ≡ 1
2
gµBH), i.e.,
Hˆ − µNˆ =
∑
i,j,σ
′
tijcˆ
†
i,σ cˆj,σ −
∑
i,σ
(µ+ σh)nˆci,σ
+
∑
i,σ
(ǫf − µ− σh)nˆfi,σ + U
∑
i
nˆfi,↑nˆ
f
i,↓
+ V
∑
i,σ
(fˆ †i,σ cˆi,σ + cˆ
†
i,σfˆi,σ),
(1)
2where primed sum denotes summation over all lattice
sites i 6= j, fˆ and cˆ are operators related to f - and c-
orbitals respectively, with spin σ =↑, ↓. We have also de-
fined the total number of electrons operator as Nˆ , and
for the respective orbitals and spins as nˆfi,σ ≡ fˆ †i,σfˆi,σ,
nˆci,σ ≡ cˆ†i,σ cˆi,σ. In our model, we consider finite intra-f -
orbital Coulomb interaction U , the on-site inter-orbital
hybridization V < 0, the hopping amplitude between the
first (t), and the second (t′ = 0.25 |t|), nearest neigh-
boring sites, and the atomic level for f -states placed at
ǫf = −3|t|. In the following |t| is used as energy unit.
First, we would like to evaluate the ground-state en-
ergy, EG ≡ 〈ψG | Hˆ | ψG〉/〈ψG | ψG〉. Applying the usual
procedure21,22, called Gutzwiller approximation (GA),
we simplify the projection to the local sites on which
the operators from (1) act. In that manner one obtains
the effective single-particle Hamiltonian in a momentum
space with renormalized hybridization by the Gutzwiller
narrowing factor qσ
20, namely
HˆGA ≡
∑
k,σ
Ψ†
(
ǫck − σh− µ
√
qσ V√
qσ V ǫf − σh− µ
)
Ψ+ ΛUd2,
(2)
where we have defined Ψ† ≡ (cˆ†k,σ, fˆ †k,σ), Λ denotes num-
ber of lattice sites, and d2 is the probability of having
doubly occupied f -orbital that we optimize variationally.
In order to ensure that variationally calculated polariza-
tion and the f -level occupancy would coincide with those
coming from the self-consistent procedure23, we modify
our effective Hamiltonian (2) by introducing additional
constraints on the polarization (mf ) and the number (nf )
of f -electron states via the Lagrange-multiplier method.
The effective Hamiltonian with the constraints takes now
the form
HˆSGA ≡
HˆGA − λfn
(∑
k,σ
nˆfk,σ − Λnf
)
− λfm
(∑
k,σ
σnˆfk,σ − Λmf
)
=
∑
k,σ
Ψ†
(
ǫck − σh− µ
√
qσV√
qσV ǫf − σ(h+ λfm)− λfn − µ
)
Ψ
+ Λ(Ud2 + λfnnf + λ
f
mmf ). (3)
Those constraint parameters λfn and λ
f
m are also deter-
mined variationally. They play a role of nonlinear self-
consistent fields acting on the charge and the spin de-
grees of freedom respectively. Diagonalization of (3) in
this spatially homogeneous case leads to four branches of
eigenenergies, E±kσ representing two spin-split hybridized
bands E±. In order to determine the equilibrium prop-
erties of the system, we need to find the minimum of the
generalized Landau grand-potential functional F ,
F
Λ
=− 1
Λβ
∑
kσb
ln[1 + e−βE
b
kσ ]
+ (λfnnf + λ
f
mmf + Ud
2),
(4)
where b = ±. Effectively, it leads to the set of five non-
linear equations, ∂F
∂~λ
= 0 for ~λ ≡ {d, nf ,mf , λfn, λfm}.
However, due to the fact that the total number of elec-
trons remains constant when the pressure or magnetic
field is applied, we need to satisfy equation for the chem-
ical potential µ via the condition
n =
1
Λ
∑
kbσ
f(Ebkσ), (5)
with f being the Fermi distribution. The equilib-
rium thermodynamic potential functional defines also the
ground state energy, EG = F|0 + Λµ0n, where subscript
′0′ denotes the optimal values. After carrying out the
minimization, we can also calculate total spin polariza-
tion from
m ≡ mc +mf = 1
Λ
∑
kbσ
σf(Ebkσ). (6)
The numerical calculations with the precision of at
least 10−7 were carried out for a two dimensional, square
lattice of Λ = 512 × 512 size, and for low temperatures
β ≡ 1/kBT > 1500, emulating the T → 0 limit.
Results. First, we analyze FM and PM solutions in
the field absence. In Figure 1 we draw phase diagram
on total filling–hybridization strength plane. For low hy-
bridization, FM phases are favored due to the negative
balance between increase of the kinetic and decrease of
the Coulomb energies, caused by a relative shift of the
spin-resolved DOS. This is visualized by the diminution
of the spin-subband overlap up to the FS – cf. Figs. 1a
and 1b. The appearance of a spontaneous polarization,
as a result of a competition between the kinetic and the
Coulomb energies, is in fact the feature of the Stoner
mechanism for the band FM onset. In comparison to
the usual single-band (e.g. Hubbard) model, we can
distinguish in a natural manner between the two FM
phases. The first (FM1) appears when the chemical po-
tential is placed in the hybridization gap, between the
spin subbands of the lower hybridized band which is char-
acterized also by the magnetization equal to m = 2 − n
(cf. Fig. 1b). In that situation, only the spin-minority
carriers are present at and near FS. The second phase
(FM2) emerges when we further lower the hybridization
and thus the chemical potential enters the majority spin-
subband DOS (cf. Fig. 1a), giving rise to a step (dis-
continuous) increase in magnetization (cf. Fig. 2a). In
the limit of strong hybridization, for a fixed total filling,
when the correlations weaken due to lowering of f -orbital
average occupancy (nf . 0.85, c.f. Fig. 2c), the kinetic
energy gain outbalances a subsequent reduction of the
average Coulomb interaction and PM phase is energet-
ically favorable. Similar mechanism for the formation
of FM and in particular, characterization of phases, was
studied before in Refs. 23–26.
We presume that the main effect of the pressure ex-
erted on the material can be modeled by a concomi-
tant strengthening of the hybridization amplitude. Thus,
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FIG. 1. (Color online): (top) Phase diagram on plane to-
tal filling–hybridization strength for the zero field, containing
both FM and PM phases for U = 5. Color scale denotes to-
tal spin polarization, m. Phases are divided by the dashed
and the solid lines. Dashed lines denote the 2nd order tran-
sition, whereas the solid – the 1st order transition with the
critical points, CP. Fine-dashed lines mark how the phase
borders would change for U = 8. (a–c) Figures a–c depict a
schematic spin-resolved density of states corresponding to the
phase sequence appearing along the solid vertical line (from
bottom to top).
from Fig. 1 it can be seen that for the total filling n in the
range 1.55–1.75, the sequence of phases and the order of
the transitions are the same, as those found experimen-
tally for UGe2 by increasing the pressure
4,8. As a repre-
sentative band filling we have selected n = 1.6 marked by
the vertical line in Fig. 1. In fact, as we compare the mag-
netization versus hybridization along the traced line (cf.
Fig. 2a) with the corresponding experimental data4 (cf.
Fig. 2b) we find good qualitative resemblance. Moreover,
the magnetization differentiation among the orbitals (cf.
Fig. 2a) is in an agreement with the neutron scattering
data10,11 at ambient pressure (in our model |V | ≃ 0.5),
where it was found that almost exclusively electrons from
uranium atoms (f -orbital) contribute to the ferromag-
netism. In our Stoner-like picture it is resulting from
the fact that the competition between Coulomb repul-
sion and hybridization-induced itineracy concerns mainly
the f electrons. Furthermore, as for low hybridization (in
FM2 phase) we obtain a small compensating polarization
due to the c-electrons, we suggest that the experimentally
observed small negative magnetization between the ura-
nium atoms at ambient pressure11 may come from the
delocalized cloud of conduction electrons.
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FIG. 2. (Color online): (a) Magnetization as a function of
hybridization strength for the band filling n = 1.6, and the
Coulomb repulsion U = 5. Both phase transitions induced
by the hybridization change are of the 1st order. (b) Cor-
responding experimental results from Ref. 4. (c) f -orbital
filling as a function of hybridization. (d) Square of DOS at
the Fermi level versus |V | through the phase sequence. In-
set: Experimentally measured T 2-term coefficient A of the
resistivity versus pressure from Ref. 18.
Our microscopic description of the phase transitions
induced by the change of the FS topology compares also
favorably with the electronic-state features of UGe2 de-
rived from de Haas van Alphen oscillations18,19. In Ref.
18 it is suggested, that the majority spin FS disappears
in the FM1 phase, in complete accord with the character
of DOS presented in the Fig. 1b. We also reproduce the
feature of an abrupt change of the FS at the FM1–PM
phase transition18,19 (cf. Fig. 2d). Namely, it corre-
sponds here to the step change of the chemical potential
position merging into both bands. Furthermore, in the
experimental data at the metamagnetic phase transition
there is observed significant enhancement of the quasi-
particle mass renormalization19. As it is proportional to
the DOS at Fermi level, in Fig. 2d we provide the corre-
sponding behavior, which can be understood within our
model by the chemical potential crossing high hybridiza-
tion peak in the majority spin subband. The transition
leads then to a step change of FS only in the majority
spin subband, while the minority subband evolves rather
continuously, what is also seen experimentally19.
For the sake of completeness, we have shown in the
inset in Fig. 2d the pressure dependence of the T 2 term
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FIG. 3. (Color online): (a) Phase diagram on the applied
field–hybridization strength plane for n = 1.6 and U = 5.
Color scale denotes total spin polarization. The dashed lines
mark the phase stability thresholds for U = 8. In the inset
we show experimental results4. (b) Magnetization versus ap-
plied field for selected hybridization strengths when system is
entering into FM1 to FM2 phase-transition regime. (c) Evo-
lution of orbital-resolved magnetization with the field for low
hybridization, |V | = 0.5 (mimicking ambient pressure). Note
the very small c-electron polarization up to h ≃ 0.1.
of resistivity18 as it should have roughly the same depen-
dence as squared DOS at the FS, versus |V | (we assume
that the Kadowaki-Woods scaling holds). However, the
jump that we obtain at the FM1 - PM transition has not
been observed in the resistivity measurements18.
In the applied field, our model is also in good agree-
ment with available experimental data for UGe2. In
Figure 3a we display phase diagram on hybridization–
applied-magnetic-field plane that corresponds to that de-
termined experimentally4 (cf. Fig. 3a inset). Similarly as
in Ref. 4, the magnetization at the phase transition be-
tween FM1 and FM2 triggered by the applied magnetic
field, starts from the same baseline, independently of the
hybridization strength (cf. Fig. 3b). However, one should
note that, due to the fact that pressure changes not only
the hybridization magnitude, but also other microscopic
parameters, we are not able to reproduce the magneti-
zation cascade with the increasing magnetic field when
crossing the transitions.
The next feature found in UGe2 at ambient pressure
is an initial lack of measurable polarization on the ger-
manium atoms with the increasing magnetic field, as in-
ferred from the neutron scattering data10. In our model
we find a similar trend. For low hybridization (|V | ≃ 0.5
emulating ambient pressure), c-electrons polarization in-
creases slowly, and even up to h ≈ 0.1 it is negligible (cf.
Fig. 3c).
Remarks. With the simple but powerful tech-
nique based on the generalized Gutzwiller ansatz (SGA
method), applied to the Anderson lattice model, we
have constructed a microscopic model of FM in UGe2.
Namely, we are able to reproduce main experimental fea-
tures observed at low temperature, by applying either
pressure or magnetic field (cf. Figs. 2a and 3a). FM
properties can be rationalized within the simplest hy-
bridized two-orbital model, without taking into account
the f -orbital degeneracy, i.e., by effectively incorporating
both the Coulomb and the Hund’s-rule interaction into
an effective interaction U , as would be also the case in
the Hartree-Fock approximation7.
To determine the stability of SC inside FM phase, the
present approach should be extended to account for the
Hund’s-rule interaction explicitly what can be crucial for
a formation of the unconventional triplet SC6,7,27,28. If
this is the case, it can be triggered even by a purely
repulsive Coulomb interaction in conjunction with the
residual Hund’s rule coupling, as discussed in Refs. 27
and 28. This issue requires a separate analysis. Another
path for discussing the coexistence of SC with FM could
be going beyond the Gutzwiller approximation, where we
account also for the more distant correlations when de-
termining the effective Hamiltonian29,30. Here, the cen-
tral question is whether the spin triplet pairing should be
treated on the same footing as ferromagnetism, i.e., ap-
pears already in direct space formulation6,7,27,28 or is it
mediated by collective spin fluctuations in ferromagnetic
phase14,31–33 among already well defined quasiparticles.
A crossover from the latter to the former approach is ex-
pected to take place with the increasing strength of the
repulsive Coulomb interaction U.
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